The QCD axion is one of the most appealing candidates for the dark matter in the Universe. In this article, we discuss the possibility to predict the axion mass in the context of a simple renormalizable grand unified theory where the Peccei-Quinn scale is determined by the unification scale. In this framework, the axion mass is predicted to be in the range m a (3 − 13) × 10 −9 eV. We study the axion phenomenology and find that the ABRACADABRA and CASPEr-Electric experiments will be able to fully probe this mass window.
Introduction
The need for cold dark matter to explain the features of our Universe is well established today. The QCD axion [1] [2] [3] [4] is one of the most popular candidates for the cold dark matter in the Universe, which was introduced to solve the so-called strong CP problem. For reviews about axions see Refs. [5] [6] [7] [8] [9] [10] [11] . Using the Peccei-Quinn (PQ) mechanism [1] and after QCD confinement the axion mass can be written as [3] 
where f π is the pion constant, m π is the pion mass, m u is the mass of the up quark, m d the mass of the down quark and f a is the Peccei-Quinn breaking scale. This relation implies that the axion mass can only be predicted if the scale f a can be computed. See Ref. [12] for an improved relation between the axion mass and f a . There are two simple mechanisms where the interaction between the axion and the gluons can be understood. Firstly, there is the KSVZ mechanism [13, 14] in which the axion is the imaginary part of the scalar field that couples to new vector-like quarks, and once these heavy quarks are integrated out, the coupling between the axion and the gluons a(x)GG is generated. Secondly, there is the DFSZ mechanism [15, 16] where there are two Higgs doublets which couple to the Standard Model (SM) fermions and a complex scalar singlet. In this scenario the axion is mainly the imaginary part of the singlet, it couples to the SM fermions through scalar mixing, and the a(x)GG coupling is generated after integrating out the SM quarks. However, these simple models do not predict the PQ scale, and hence, the axion mass and its interactions with the SM gauge bosons and fermions cannot be determined.
In this work, we study the idea of predicting the PQ scale in the context of grand unified theories (GUTs) where the unification of the Standard Model gauge interactions can be understood. In this context, if the same field breaking the GUT symmetry contains the axion, the PQ and unification scales will be related. This idea was first pointed out by M. B. Wise, H. Georgi and S. Glashow in Ref. [17] . In this article, we investigate this idea and understand the predictions in the context of a simple renormalizable grand unified theory where the PQ and seesaw scales are determined by the unification scale. We focus on the scenario where the PQ symmetry is broken before inflation.
We discuss the implementation of the Peccei-Quinn mechanism in the context of grand unified theories and show that in a simple renormalizable SU(5) theory the KSVZ mechanism can be implemented. We find that in the context of Adjoint SU(5) [18] , the PQ and seesaw scales are determined by the unification scale; also, a realistic framework for all fermion masses including neutrino masses can be achieved. In this theory, the PQ scale is given by f a = 1 10
where M GUT is the unification scale and α GUT is the value of the gauge couplings at the unification scale. Once we take into account experimental constraints on the proton lifetime and LHC constraints, the axion mass is predicted in the range m a (3 − 13) × 10 −9 eV.
We discuss in detail the testability of this theory at current and future axion experiments, and investigate the implications for collider and proton decay experiments. We find that the ABRACADABRA [19] and CASPEr-Electric [20] axion experiments will be able to fully probe the predicted mass window. This article is organized as follows, we discuss the implementation of the PQ mechanism in grand unified theories in section 2. In section 3, we show how to implement the PQ mechanism in the context of Adjoint SU(5), we discuss the unification of gauge interactions, the constraints from proton decay experiments, the predictions for the axion mass and the predictions for different axion experiments. Our main results are summarized in section 4.
Predicting the PQ Scale and Unification
To investigate the relation between the PQ and unification scales we will focus on minimal unified theories which are based on the SU(5) gauge symmetry. In the minimal SU(5) theory proposed by H. Georgi and S. Glashow [21] the SM matter is unified in5 and 10, the Higgs sector is composed of 5 H and 24 H , and all the gauge fields live in 24 V . It is well-known that this theory is not realistic because: a) the values of the gauge couplings at the low scale cannot be reproduced, b) it predicts the relation Y e = Y T d , where Y e and Y d are the Yukawa matrices for charged leptons and down quarks, respectively. Last but not least, c) neutrinos are massless as in the SM. In order to have a consistent relation between the fermion masses, Y e = Y T d , a Higgs in the 45 H representation can be introduced [22] . In this scenario, both the 5 H and the 45 H must couple to matter in the same manner. This Higgs sector can provide the relevant degrees of freedom which allow us to have gauge coupling unification in agreement with the experimental values of the gauge couplings. For a recent study see Ref. [23] .
In order to predict the PQ scale from unification, the same field that breaks the grand unifying group must simultaneously break the PQ symmetry. In SU(5) the symmetry is broken once the 24 H acquires a vacuum expectation value (VEV); when this field is charged under U(1) PQ it becomes a complex field and the axion will be contained in the imaginary part of the singlet inside the 24 H . This simple idea is very appealing because it allows us to write down a simple GUT model with a dark matter candidate as well. In the previous discussion, we have mentioned that in renormalizable SU(5) the 5 H and 45 H must couple to matter in the same way, then if we implement the PQ mechanism these Higgses must have the same PQ charge. This implies that the DFSZ mechanism cannot be implemented in this minimal renormalizable theory.
For the implementation of the KSVZ mechanism we require extra matter fields coupled to the 24 H in order to generate the a(x)GG coupling. We can consider the fermionic 24 [24, 25] , which also generates the neutrino masses through the type I [26] [27] [28] [29] and type III [30] seesaw mechanisms. Consequently, the KSVZ mechanism can be implemented in the context of Adjoint SU(5) [18] and the axion mass can be predicted in a realistic [31] [32] [33] for the implementation of the PQ mechanism in the context of GUTs. We would like to mention that, recently, the authors in Ref. [32] studied axion mass predictions in a non-renormalizable SU(5) theory where higher-dimensional operators are needed to correct the relation between fermion masses and split the particle spectrum. However, in their scenario higher dimensional operators generically could break the PQ symmetry, spoiling the predictions for the PQ scale and axion mass.
In Table 1 we present the different renormalizable theories based on SU(5) with the minimal number of representations where the Peccei-Quinn mechanism could be implemented. As we have discussed above, if we use the 45 H to correct the charged fermion masses, only the theory with the fermionic 24 can be realistic. In the case where the 5 + 5 vector-like fermions are used to correct the charged fermion masses and considering the different possibilities to generate neutrino masses, we need to add more representations in order to achieve unification. See for example Ref. [34] for the study of SU (5) theories with extra 5 +5 vector-like matter. Notice that when the PQ mechanism is implemented, the splitting in the 24 is small and unification cannot be achieved in agreement with bounds from proton decay, see Ref. [34] for details. Moreover, new Higgses in the fundamental representation could be added, as it was done in Ref. [17] , to implement the DFSZ mechanism but this also requires extra representations. Then, it can be argued that the theory we will investigate in this article is the realistic renormalizable theory based on SU(5) with the minimal number of representations where the Peccei-Quinn mechanism can be realized. We note that the relative PQ charges among all representations are fixed by the consistency of the theory. Then, we can achieve a realistic relation between the charged fermion masses using the following Yukawa interactions
from which the charged fermion mass matrices read as
2)
3)
where The neutrino mass matrix is given by
where M I ν , M III ν , and M cs ν are the type I, type III and colored seesaw contributions, respectively. See Ref. [18, 36] for the explicit form of the neutrino mass matrix and further details. Now, in order to implement the KSVZ mechanism we use the fact that in this theory the axion lives in the 24 H , i.e.
where v Σ is the VEV of Σ 0 . This simple idea is appealing because the Peccei-Quinn scale can be predicted from gauge coupling unification since the same field breaking the GUT symmetry contains the axion field. See Appendix A for the explicit form of all fields in the theory and Refs. [37] [38] [39] for the study of the phenomenological aspects of Adjoint SU(5). 
Unification Constraints and Proton Decay
In order to predict the PQ scale we need to understand the predictions for the GUT scale.
The renormalization group equations (RGEs) for the gauge couplings can be written as
where i = 1, 2, 3,
In Appendix D we list the different contributions to the beta functions in Adjoint SU(5). Using the above relations, the following equations must be satisfied in order to achieve unification at the one-loop level [44] ,
Here we have used the experimental values sin
and α s (M Z ) = 0.1181 at the M Z scale [45] . It is well-known that in the minimal SU(5) theory unification cannot be achieved in agreement with the experimental values of the gauge couplings at the low scale since B 23 /B 12 < 0.6. In the context of Adjoint SU(5), in the 45 H representation there are only three fields that help achieve unification: for Φ 3 and H 2 , the lighter they are the larger the fraction B 23 /B 12 can be. The field Φ 1 does not help to increase the later ratio; however, it helps towards unification indirectly since it gives a negative contribution to B 12 , thus increasing the GUT scale. This is necessary, as we will show, to avoid the strong proton decay experimental constraints. With the help of these three fields, unification can be achieved in agreement with experimental results. The rest of fields in the 45 H will be assumed to be, without loss of generality, at the GUT scale since we are interested in finding the allowed parameter space by proton decay bounds.
For the case of the 24 representation, the small mass splitting between the masses of their fields is fixed and given by 10) which is a direct consequence of 24 being charged under the PQ-symmetry. We note that the unification constraints do not depend on the global mass scale of the fields in the 24, i.e. M ρ 3 ; they are only sensitive to their mass splitting.
In the left panel in Fig. 1 we show the predictions of the GUT scale for the different values of M Φ 1 . We fix the mass of the second Higgs doublet H 2 living in the 45 H to M H 2 = 1 TeV. The purple shaded region shows the current LHC bound on the scalar colored octet Φ 1 ∼ (8, 2, 1/2), M Φ 1 > 1 TeV. The region shaded in red shows the current experimental limit on the proton lifetime from the Super-Kamiokande collaboration, τ (p → K +ν ) > 5.9 × 10 33 years [40] , and the green dashed line shows the projected bound for the Hyper-Kamiokande collaboration, τ (p → K +ν ) > 2.5 × 10 34 years [41] . The mass of the Φ 3 ∼ (3, 3, −1/3) varies between the range 10 8.4 − 10 8.63 GeV from left to right. This result is quite general since H 2 has a small contribution to the running of the gauge couplings. For the choice M H 2 = 1 TeV, the allowed range for the GUT scale is M GUT = 10 15.06 − 10 15.74 GeV, the lower limit is determined by the bound on the proton lifetime from Super-Kamiokande on the p → K +ν channel and the upper one by the collider bound on the mass of Φ 1 .
The allowed values for α GUT depend on the values for M ρ 3 , which define a possible range of values for the GUT gauge coupling. The fields in the 24 must be at the seesaw scale or below in order to generate realistic values for the neutrino masses. In the right panel in Fig. 1 , we present the relation between the GUT scale and α GUT . The blue shaded region leads to gauge unification, the width of this band is determined by varying from M ρ 3 = 10 4.51 GeV (left limit) to M ρ 3 = 10 15 GeV (right limit), and we have used M H 2 = 1 TeV. The lower limit M ρ 3 = 10 4.51 GeV is determined by the bound from Big Bang Nucleosynthesis (BBN) discussed in Appendix C, while M ρ 3 = 10 15 GeV is the perturbative bound using the seesaw relation for neutrino masses.
In the left panel in Fig. 1 we have demonstrated that, in order to have unification in agreement with all experimental constraints, the mass of the Φ 3 field must lie in the range 10 8.4 − 10 8.63 GeV. This is possible only if the coupling of Φ 3 to matter, Y 2 , is suppressed because this field mediates proton decay. It is well-known that if Y 2 ∼ Y U we need M Φ 3 > 10 12 GeV to suppress proton decay [46] . Fortunately, in this theory we can have that Y 2 Y 1 ≈ Y U , and hence, we can have a consistent scenario for fermion masses where the mass matrix for up-quarks M U is approximately symmetric. In the case when M U is symmetric, we can make clean predictions for the proton decay channels with anti-neutrinos [47] . See Appendix B for more details.
In Fig. 2 we show the predictions for the proton decay lifetime for the channel p → π 0 e + . The decay width for this channel is given by
Here we parametrize the magnitude of the unknown mixings with V e , and we show the predictions in Fig. 2 . Since the lifetime for this channel is a function of an unknown matrix V e , we proceed to investigate the channel with antineutrinos that can give us a more conservative bound on the GUT scale.
In Fig. 3 we show the predictions for the proton decay channels p → K +ν and p → π +ν . We have discussed above that we need to work in the scenario where Y 2 Y 1 . In this case M U M T U and the different proton decay channels can be written as
where V ij CKM are the elements of the V CKM matrix. See the Appendix B for more details. Since in this case the decay lifetime is a function of known parameters we can make a better prediction for these channels. The blue bands in Fig. 3 τ (p → π +ν ) > 3.9 × 10 32 years [43] . The green dashed line shows the projected bound by the Hyper-Kamiokande collaboration on the p → K +ν channel, τ (p → K +ν ) > 2.5 × 10 34 years [41] . Therefore, in the rest of this article we will use the range of M GUT allowed by the experimental bounds on proton decay into antineutrinos as shown in Fig. 3 , which are the most conservative allowed values for M GUT .
Axion Mass and Couplings
In this theory, the axion is only coupled to the heavy fermions in the 24, and hence, we can use the KSVZ mechanism. The interaction comes from the Yukawa term between 24 and 24 H L ⊃ λ Tr 24 2 24 H + h.c.. (3.14)
Once the singlet inside the 24 H acquires a non-zero vacuum expectation value, we can replace 24 H in the above equation by
where a(x) corresponds to the axion field, and we find that
Following the method proposed by Fujikawa [48] , the coupling to the gluons can be written as 17) where N depends on the chiral fields that have been rotated in order to absorb the axion field, and in our case N = 5. The coupling of the axion to the gluons is generated by the rotations of the colored fields in the 24 representation. Hence, the relation between f a and the GUT scale is given by
where we have used M V = M GUT = 5/6 g GUT v Σ . This is one of the most important results of this paper which allows us to predict the axion mass once we know the allowed values for M GUT and α GUT . In order to show our numerical results we will use the following relation between m a and f a [12] m a = 5.70(7) × 10 −6 eV
As demonstrated in Sec. 3.1, in Adjoint SU(5) a small range for the GUT scale and α GUT can be predicted, this leads to the following prediction for the axion mass
In Fig. 4 we show the predictions for the axion mass as a function of the GUT scale. The blue band shows the parameter space allowed by unification constraints and proton decay. The red (purple) shaded area shows the excluded parameter space by the proton decay bound (LHC bound on M Φ 1 ). This prediction is crucial to understand the testability of this theory at axion experiments because it tells us the specific range for the axion mass where a signal could be expected. In the allowed mass window, an initial misalignment angle of θ i ≈ 10 −2 must be assumed in order for the axion field to saturate the dark matter relic abundance Ω DM h 2 = 0.1200 ± 0.0012 [49] .
The coupling between the axion and photons can be written as
with the effective coupling g aγγ given by
where second term is the contribution from non-perturbative effects from the axion coupling to QCD and has been computed at NLO in Ref. [12] . The first term in Eq. (3.22) is given by the anomaly coefficient for the electromagnetic fields and E/N = 8/3 since we are working with fermions in a complete representation of SU (5). The ABRACADABRA experiment [19] is expected to be sensitive to the axion to photon coupling for very light axions, m a 10 −6 eV. In Fig. 5 we present the axion to photon coupling together with the projected reach for ABRACADABRA, as given in Ref. [19] . The regions shaded in different colors correspond to the projected sensitivity for the broadband operating mode, while the purple lines show the ones for the resonant operating mode. The blue solid line corresponds to the prediction in Adjoint SU(5). It is of great interest that the third stage of the broadband mode will be able to probe a portion of this mass range, while the third stage of the resonant operating mode could fully probe the predicted mass window.
At low energies, the axion field has also a coupling to the electric dipole operator (EDM) for nucleons
where σ µν = i[γ µ , γ ν ]/2, and this term gives rise to the nucleon electric dipole moment [50] [51] [52] [53] 
In the presence of an oscillating axion background field, a(t), this interaction generates an oscillating nucleon EDM. Thus, when dark matter consists of the axion field with ρ DM ≈ m 2 a a 2 0 /2 ≈ 0.4 GeV/cm 3 [54] it could lead to an observable effect on nucleons. The CASPEr-Electric experiment [20] has been proposed to measure this oscillating EDM by applying nuclear magnetic resonance techniques. This experiment is expected to probe axions with very low masses, m a < 10 −9 eV, which is the region of interest for theories in which the PQ scale has a connection to the GUT or the string scale [56] . In Fig. 6 we present the predictions for the g aD coupling in the axion mass window predicted by Adjoint SU(5). The region shaded in purple (red) corresponds to the projected sensitivity for Phase (5). The width of the band corresponds to the theoretical error, as given in [51, 52] . The region shaded in purple and red correspond to the projected sensitivities for Phase II and III of the CASPEr-Electric experiment [55] . The brown dashed line shows the ultimate limit from magnetization noise.
II (Phase III) for CASPEr-Electric [55] , the latter will be able to probe a part of the mass window predicted by Adjoint SU (5) . The brown dashed line shows the ultimate limit from magnetization noise. As can be appreciated, these predictions for the axion mass can be probed in the near future.
In this article, we have showed that combining the signals at proton decay experiments, the collider signatures of the Φ 1 field and the predictions for axion experiments, it is possible to test a simple grand unified theory which predicts a small window for the axion mass. In this theory, we can also have an explanation for the baryon asymmetry in the Universe using the Baryogenesis via Leptogenesis mechanism. This theory predicts that M ρ 0 = M ρ 3 /3, then the lightest field relevant for leptogenesis is the field responsible for type I seesaw. The leptogenesis mechanism in the context of Adjoint SU(5) was investigated in Refs. [38, 39] , but the emphasis was in the case where ρ 3 is the lightest field. We will investigate this issue in a future publication.
Summary
The QCD axion remains one of the most appealing candidates for the dark matter in the Universe. In this work, we discussed the implementation of the DFSZ and KSVZ mechanisms in renormalizable grand unified theories based on the gauge symmetry SU(5). In order to connect the GUT scale to the Peccei-Quinn scale we require the same scalar field to break both symmetries. We showed that in the simplest renormalizable models the 5 H and 45 H Higgses must couple in the same way to matter and have the same Peccei-Quinn charge. Therefore, the DFSZ mechanism cannot be implemented with the minimal Higgs sector even if we have two Higgs doublets and the singlet inside the 24 H .
We have shown that in the context of Adjoint SU(5) the same fermionic field, 24, needed to generate neutrino masses can be used to implement the KSVZ mechanism. The colored and the charged fields in the 24 generate the couplings of the axion to the gluons and the photons respectively, while neutrino masses are generated through the seesaw mechanism. We found that the theory studied in this article can be considered as the realistic renormalizable theory based on SU (5) with the minimal number of representations where the Peccei-Quinn mechanism can be realized.
We investigated the unification of gauge interactions taking into account collider and proton decay constraints, and we found that the allowed GUT scale is in a small window which allows us to predict the axion mass in the range m a (3 − 13) × 10 −9 eV.
We focused on the scenario where the PQ symmetry is broken before inflation and discussed the predictions for the different axion experiments showing that this theory could be fully tested in the near future by the ABRACADABRA and the CASPEr-Electric experiments. Additionally, we have shown that this theory could be probed at proton decay experiments such as the current Super-Kamiokande and the future Hyper-Kamiokande. The theoretical framework studied in this article, based on the SU(5) × U(1) PQ symmetry, can be considered as an appealing theory for physics beyond the Standard Model, where it is possible to understand the unification of the Standard Model forces, the origin of neutrino masses, dark matter, the strong CP problem and the baryon asymmetry through leptogenesis. Furthermore, the lifetime of the proton can be predicted and exotic signatures at colliders are expected.
A Adjoint SU(5) Representations
In the Adjoint SU(5) [18] theory we have the following representations:
ρ 0 , the components of the 24 H have the following quantum numbers,
In a similar manner, the components of the 24 are given by
while the gauge bosons are described by
B Proton Decay
The proton decay widths for the most relevant channels are given by
In the above equation
GUT and A defines the running of the operators. A QCD ≈ 1.2 corresponds to the running from the M Z to the Q ≈ 2.3 GeV scale, while A SR ≈ 1.5 defines the running from the GUT scale to the electroweak scale. The ccoefficients [47] are given by
where the V 's are mixing matrices defined as
The matrices U , E, D and N define the Yukawa couplings diagonalization so that For the predictions of the proton decay width we have taken the values for the hadronic matrix elements given in Ref. [57] :
C BBN bounds on the ρ 8 lifetime
We have discussed above the unification constraints and mentioned that the allowed value of the gauge coupling at the GUT scale is sensitive to the mass of the fields in the 24 representation. The fields ρ 0 and ρ 3 have two body decays and can decay before Big Bang Nucleosynthesis (BBN), while the colored fields ρ 8 , ρ (3, 2) and ρ (3, 2) have only three body decays. Here we discuss only the bounds on the mass of ρ 8 by imposing that the decay lifetime must be smaller than one second to avoid issues with BBN [58] . Since the masses of all fields in 24 are related it is enough to understand the limit on the mass of ρ 8 . Neglecting all SM fermion masses, the decay width for ρ 8 decay into three quarks is given by
where M T corresponds to the mass of the scalar triplet inside the 5 H . Here we used the main decay channel defined by the coupling of T to the third generation quarks. Naively, the ρ 3 contribution to neutrino masses can be written as 2) and using this result we find that
In Fig. 7 we present the predictions for the ρ 8 lifetime using different M T masses (M T > 10 12 GeV from bounds on the proton lifetime) and M ν ∼ 0.1 eV. The region shaded in blue shows the region that leads to τ ρ 8 > 1 sec and it is excluded by a naive bound coming from Big Bang Nucleosynthesis. Therefore, the mass of ρ 3 should lie in the window 
D Beta Functions
The extra contributions to the running of the gauge couplings in Adjoint SU(5) are listed in Table 2 . 
